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Abstract. In this paper the modeling by a different category graphs and an analysis of vibrating 
clamped – free mechatronic system by the approximate method called Galerkin's method has 
been presented. The frequency - modal analysis and assignment of amplitude -frequency 
characteristics of the mechatronic system is considered. The aim was to nominate the relevance 
or irrelevance between the characteristics obtained by exact - only for shaft - and approximate 
method. Such formulation especially concerns the relevance of the natural frequencies - poles 
of characteristics both of mechanical subsystem and the discrete – continuous clamped – free 
vibrating mechatronic system. This approach is a fact, that approximate solutions fulfill all 
conditions for vibrating mechanical and/or mechatronic systems and can be an introduction to 
synthesis of these systems modeled by different category graphs. Using the hypergraph 
methods of modeling and synthesis methods of torsionally vibrating bars to the synthesis of 
discrete-continuous mechatronic systems is originality of such formulation of problems.  
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Introduction  
 
In the research Centre in Gliwice the problems of analysis of vibrating beam systems, 
discrete and discrete-continuous mechanical systems by means of the structural numbers 
methods modeled by the graphs and hypergraphs, have been investigated (e.g. [3-6]). The 
synthesis1 of a selected class of continuous, discrete - continuous discrete mechanical systems 
and active mechanical systems has been dealt in [3-5].  
The approximate method of analysis, that means the orthogonalization method [10] and 
Galerkin’s method [11], has been used to obtain the frequency-modal characteristics. The 
continuous-discrete torsional and transverse vibrating mechatronic systems were considered in 
[6, 7]. Transformations of hypergraps of flexibly vibrating beams were presented in [9]. To 
compare the obtained dynamical characteristics – dynamical flexibilities only for mechanical 
torsional vibrating bar and transverse vibrating beam being a parts of complex mechatronic 
systems, an exact method and the Galerkin’s method were used [8,11]. Such formulation can be 
an introduction to synthesis of vibrating mechatronic systems which will lead to generating the 
vibrations with required parameters.  
 
Dynamical Characteristic of Torsional Vibrating Mechatronic System 
  
Therefore it becomes necessary to search the new solutions, having on aim the reduction of 
movable elements as well as compiled and long kinematic chains. From here in last years it is 
clear that there is a huge development on the market, especially in field of new technologies 
                                                          
1
 The methods of analysis and synthesis of electrical systems were presented in monograph [1].  
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basing on phenomenon of piezoelectricity, electro - and the magnetostriction (e.g. [12]). The 
piezoelectric elements are used to eliminate the oscillation [13].  
Considered vibrating systems are presented in Fig. 1.  
 
 
 
Fig. 1. The torsional vibrating mechatronic systems with a mechanical excitation  
 
The set of equations of the mechanical and electric part of the system is following:  
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Fig. 2. Transient of the sum for n = 1, 2, 3 vibration mode 
 
Solving a set of equation (1) after transformations [7-11] the dynamic flexibility takes a 
form:  
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The transient of an absolute value of the flexibility in a considered range of frequency and 
flexibility for a three first vibration modes (2) - after further formal transformations and after 
putting of the numerical values of parameters and when x = l, that is llY Y=α  - is presented in 
Fig. 2. 
 
Transformations of Characteristics of Torsional Vibrating Subsystems of Mechatronic 
Systems  
 
The problem consisted in modeling of torsional vibrating multiple-segment with mechanical 
bar systems as subsystems of mechatronic systems in the form of models with uniformly 
distributed parameters and a constant section in the segment.  
In the modeling of the considered class of systems, the dependence between the amplitudes 
of generalized forces Ssk 22 ∈  and generalized displacements Ssi 11 ∈  can by described by 
dynamical flexibility ikY  [3].  
A characteristic – a dynamical flexibility of mechanical subsystem of mechatronic system is 
given in form:  
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After transformations of the flexibility (3) into mobility [3, 10, 11] and Wyndrum’s one the 
mobility function has been obtained as:  
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– a length of basic element [3], ωjs= , 1−=j , i, j, k, l – natural numbers, 
1.k l− =  
 
 
Modeling the Considered Subsystems of Mechatronic Systems by Means of the Different 
Category Graphs  
 
A review of essential concepts of the graph theory, to fix a meaning of necessary terms and 
symbols have been presented before modeling the torsional vibrating continuous bar systems as 
subsystems of mechatronic systems and problems connected with it. Weighted hypergraphs 
(called in this paper also the weighted block graphs or weighted graphs of category k) have been 
applied to modeling of the considered systems. Definitions of graphs, as mathematical objects, 
have been presented on the basis of the literature. The bibliography of this subject is a very 
extensive and regards the theory as well as its applications (see [1-3]). 
The hypergraph is called a couple:  
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( )XX, X= kk 21 , (5) 
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In this paper hypergraphs – graphs of category k – Xk  (k = 2, 3) are used, which will be 
clearly mentioned each time, as well as graphs X, called also graphs of the first category – X1  
(see [3]). The basic notions are shown in literature (e.g. [3, 10, 11]).  
Resuming a set of generalized displacements of a torsional vibrating subsystem of 
mechatronic system can be formulated as follows: { })2(21)1(11)(01)(1 s, s, sS ii = .  
Determining one-to-one transformation, that:  
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the hypergraph of bar – subsystem of mechatronic system is obtained: 
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Investigating i-th segment in a n-segment mechanical bar as a subsystem of mechatronic 
system with a constant section, the hypergraph model )(i
   f
k X  is introduced.  
Introducing 1f  that assigns the generalized displacements to vertices )(1 ijx  of hypergraph 
f
iX )(2  as:  
 
( ) )(1)(11 ijij s xf = , (j = 0,1,2), (9) 
 
weighted hypergraph is obtained:  
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On the basis of this assumption, a geometrical representation of mapping (8-10) has been 
shown in [3].  
 
The Synthesis of the Mechanical and/or Mechatronic Systems Represented by Different 
Category Graphs 
 
Methods which were applied used in order to synthesize the dynamical characteristic of the 
torsional vibrating mechanical systems are presented in this paper. They may be applied to 
synthesis the mechatronic system with cascade structure as well [3]. 
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Algorithm of Synthesis of Mechanical Subsystem by the Recurrent Cascade Method as 
Necessary Condition of Synthesis of Mechatronic System  
 
The recurrent formula2 for synthesis subsystem of mechatronic system takes form of: 
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where: )()1( pV i+  is the mobility of the transforming vibration system after its basic element with 
mobility )()( pV i  is removed, J – polar inertial moment of the bar cross section.  
Equation (11) makes possible a determination the next (i+1) (i = 1, 2, ... ,n) dynamical 
characteristic of the transforming vibration system synthesized in this way.  
To carry out the synthesis of the mobility V(p) the form of (11) or its inversions U(p) (comp. 
with [3]) by the cascade method it is necessary to:  
 
01 Assume in (11) that (1)( ) ( ).V p V p=  
02 Determine values ρρ
β G
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assuming p = 1 and i = 1, 
G
ρ
β = .  
03 Determine )()2( pV of other part of system containing segments from i = 2 to n, from 
Richards' theorem [3].  
04 Divide the numerator and denominator of mobility )()2( pV  by )1( 2 −p ; this is a condition of 
the physical realization of calculated mobility )()2( pV . 
05 Repeat step 2, assuming i = 2. 
06 Carry out step 03  in order to calculate )()3( pV . 
07 Check step 04  by dividing the numerator and denominator of )()3( pV  by )1( 2 −p . 
08 Repeat steps 02 , 03 , 04 , ... successively to determine formulas )()4( pV , )()5( pV , ... , 
)()( pV n . 
The algorithm described above will be continued until type p or 
p
1
 of mobility )()( pV n  is 
achieved - multiplied by real constant H - and it is not possible to carry out step 03  after step 02  
in order to determine )()( nGJ  and )()( nJρ . This is the end of the synthesizing process.  
 
Last Remarks  
 
Applied method and received results can make up the introduction to the synthesis of 
considered class systems – torsional vibrating mechatronic ones with constant changeable cross-
section. The problems will be presented in future works.  
 
                                                          
2
 The formula was obtained for longitudinally vibrating bar systems in [3].  
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